We study one-loop quantum corrections to gauge couplings in heterotic vacua with spontaneous supersymmetry breaking. Although in non-supersymmetric constructions these corrections are not protected and are typically model dependent, we show how a universal behaviour of threshold differences, typical of supersymmetric vacua, may still persist. We formulate specific conditions on the way supersymmetry should be broken for this to occur. Our analysis implies a generalised notion of threshold universality even in the case of unbroken supersymmetry, whenever extra charged massless states appear at enhancement points in the bulk of moduli space. Several examples with universality, including non supersymmetric chiral models in four dimensions, are presented.
Introduction
The way to break supersymmetry spontaneously in heterotic string theory which admits a solvable Conformal Field Theory description is via the so-called stringy Scherk-Schwarz mechanism [1] [2] [3] [4] , corresponding to a particular flat gauging of N = 4 supergravity. It amounts to shifting the masses of the perturbative states by their R-symmetry charges. It is well known that this deformation can be conveniently reformulated at the world-sheet level in terms of freely-acting orbifolds, where a supersymmetry breaking generator g SB is coupled to a shift along one (or more) of the compact cycles.
Non-supersymmetric constructions have been extensively studied in the past in heterotic and type II [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [17] [18] [19] [20] [21] [22] [23] , as well as type I [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] strings and have become the subject of recent investigation in the context of non-supersymmetric string phenomenology [42, 44, 45, [52] [53] [54] . Criteria for classical stability of non-supersymmetric vacua have been analysed in [46] [47] [48] and reflect the presence of a misaligned supersymmetry in the spectrum of string excitations whose distribution is governed by the location of the non-trivial zeroes of the Riemann zeta-function in the complex plane. The construction of (lower-dimensional) non-supersymmetric string vacua that are classically stable throughout the entire moduli space is a challenging problem due to the emergence of tachyonic instabilities in certain regions of the classical moduli space, in a way that is reminiscent of the celebrated Hagedorn instability of string thermodynamics [49] [50] [51] . Recent studies of orbifold and Calabi-Yau compactifications have shown, however, that some of these pathologies might be lifted when the orbifold singularities are blown up [42] . Furthermore, although supersymmetry breaking typically induces sizeable contributions to the one-loop vacuum energy, models with massless Fermi-Bose degeneracy have been constructed [17, 29, 43, 44] . These only yield exponentially suppressed contributions in the volume of the compact space, thus softening the back-reaction to the classical vacuum. Moreover, progress has also been made in the attempt to construct non-supersymmetric heterotic vacua with semi-realistic spectra.
Although, these analyses have been primarily conducted in a case-by-case fashion, in this paper we are rather interested in disclosing some model-independent features of heterotic vacuum configurations with spontaneously broken supersymmetry. In particular, we shall focus on the study of one-loop corrections to gauge couplings in the low-energy effective action, generalising the analysis of [55] .
Indeed, in [55] we uncovered a remarkable universal structure in the moduli dependence of differences of threshold corrections ∆ αβ in heterotic orbifold compactifications where supersymmetry is spontaneously broken by a four-dimensional analogue of the ItoyamaTaylor deformation [9] . This extends and generalises the familiar universality of supersymmetric constructions [56] [57] [58] .
In particular, we found [55] that, in a large class of four-dimensional orbifolds with factorisable six-torus, threshold differences assume the universal expression where T (i) and U (i) are the Kähler and complex structure moduli of the i-th two-torus in the T 6 = T 2 × T 2 × T 2 decomposition, η is the Dedekind function, ϑ 2 and ϑ 4 are the Jacobi theta constants, and j 2 is the analogue of the Klein invariant j function for the Γ 0 (2) subgroup of SL(2; Z). The only model-dependent quantities are the constants a i , b i and c i , which can be easily computed from the tree-level massless spectrum. As we shall show, they are related to differences of suitable β-function coefficients.
Normally, a generic one-loop string amplitude receives contributions from the whole tower of Kaluza-Klein, winding and oscillator excitations of the closed string. However, the presence of the universal behaviour (1.1) requires that only oscillators from a chiral sector of the world-sheet theory do contribute, so that holomorphy and modular invariance can drastically constrain the one-loop integrand. Although, this is naturally the case when supersymmetry is present, since the F µν F µν coupling is BPS protected, it is far from trivial that this should still hold when supersymmetry is absent. This requirement can be translated into the presence of a spectral flow [59] within the gauge degrees of freedom of the heterotic string, which projects onto the bosonic (right-moving) ground state. This mirrors the property of BPS saturated amplitudes of projecting onto the Ramond (left-moving) ground state.
Whether this spectral flow is present or not, clearly depends on the choice of the supersymmetry breaking generator g SB . As we shall show, a necessary condition for universality is the existence of a related supersymmetric heterotic vacuum where g SB is actually replaced by a supersymmetry preserving generator with the same action on the gauge degrees of freedom. Moreover, the supersymmetric vacuum ought not give rise to extra massless states at special points in the bulk of the (T, U) plane. These conditions strongly constrain the possible ways of breaking supersymmetry.
The scope of the present investigation is threefold. Firstly, it is to explain the origin of this universal behaviour, which is unexpected when supersymmetry is absent. Secondly, it is to clearly define the explicit conditions for this to occur. Thirdly, it is to construct further examples exhibiting this universal structure. These include four-dimensional chiral models which open the possibility for a more phenomenologically oriented investigation.
The paper is organised as follows: in Section 2 we present general properties of orbifold constructions, introduce the decomposition of the associated partition functions into modular orbits. Section 3 contains our main result on the universality structure of threshold differences for generic heterotic vacua with and without supersymmetry and provides the precise conditions for it to occur. Section 4 contains explicit examples of thresholds for vacua with spontaneously broken supersymmetry, including a four-dimensional chiral vacuum with N = 1 → N = 0. In Sections 5 and 6 we elaborate on ways of departing from universality depending on which conditions of the universality theorem are violated. In Section 7 we provide a brief discussion on the scales of supersymmetry breaking, while conclusions are given in Section 8.
Dissecting an orbifold
In order to unveil the universality property of threshold corrections in heterotic vacua with spontaneously broken supersymmetry, it is instructive to dissect orbifold compactifications that actually preserve N = 2 supersymmetry. The advantage of this pursuit will become transparent in the next section. To be specific, we shall restrict our attention to the heterotic E 8 × E 8 string compactified on the T 6 /Z N × Z 2 orbifolds, where the Z N is generated by the element g and realises the singular limit of K3, whereas the Z 2 , generated by the element s, is freely acting and preserves the original N = 4 supersymmetries, i.e. only a non-trivial action on the gauge sector, corresponding to discrete Wilson lines, is allowed. It is convenient to represent pictorially these orbifold compactifications as in figure 2.1. Each box in the figure with horizontal label α and vertical label β represents the orbifold block where α and β stand for generic elements of the Z N × Z 2 orbifold, and H α denotes the Hilbert space in the sector twisted by α. Although the full partition function is invariant under the modular group SL(2; Z), each individual box is only invariant with respect to some finite index subgroup. Moreover, the various boxes are conveniently arranged in orbits of the modular group. For concreteness, we now focus on the N = 2 case, depicted in figure 2.2. Here we have five independent modular orbits. The white one is trivial and corresponds to the toroidal compactification of the heterotic string. The blue one corresponds to the nontrivial K3 subsectors and is generated by action of 1, S, TS transformations on the single element Z [
1 g ] which is invariant under the Hecke congruence subgroup Γ 0 (2) [60] . Similarly for the green and magenta modular orbits which are generated by the elements Z [ ], respectively. The red orbit is special because it cannot be obtained by the action of SL(2; Z)/Γ 0 (2) on a single element. Instead it is generated by the action of 1, S and TS on the sum Z [
Similar orbit decompositions occur also for the other K3 realisations, though in those cases more orbits, associated to different Hecke congruence subgroups, are present [60] .
The partition function encodes not only the physical (level-matched) spectrum of the theory, but modularity implies that unphysical (non-level-matched) states also be counted. Among the unphysical states particularly important for our investigation are those associated to the vacuum of the right moving sector. These include the ubiquitous untwisted uncharged bosonic vacuum |0 of the heterotic string, as well as the vacua
2) associated to the right-moving ground states of the g n twisted sectors. σ n is the standard bosonic twist field associated to the right-moving twisted K3 coordinates and has conformal weight ∆ σ = n N (1 − n N ), whereas χ n is the fermionic twist field associated to the "twisted Kac-Moody current" and has U(1) charge Q χ = ± n N and conformal weight ∆ χ = Q 2 χ [61, 62] .
We stress once more that |0 is neutral with respect to the E 8 × E 8 Cartan charges, while |n always carries non-trivial charge with respect to one of these Cartan's, at least in the case of standard embedding. Although in most discussions one discards such unphysical states, unitarity demands that they do contribute to loop amplitudes and, as we shall soon see, they play an important rôle in controlling the universality structure of threshold differences in heterotic vacua with spontaneously broken supersymmetry.
The anatomy of gauge threshold corrections
Threshold corrections in heterotic string vacua have been the subject of extensive study in the nineties [56] [57] [58] [63] [64] [65] [66] [67] [68] [69] . For a gauge group factor G α with Kac-Moody level k α , the running of the effective coupling g α at a scale Λ is dictated by
where the logarithmic term accounts for the massless degrees of freedom with β-function coefficient β α , whereas the contribution of the infinite tower of massive string modes is encoded in the threshold correction ∆ α . Here g s is the string coupling constant and M s is the string scale. Regardless of the presence or not of space-time supersymmetry, the one-loop heterotic thresholds ∆ α are given by [63] ∆ α = R.N.
where q = e 2iπτ , θ[ is ascribed to a contact term in the correlation function of the Kac-Moody currents. It is independent of the gauge group charges and can be associated to the universal coupling of the dilaton. The sum is restricted to the even spin structures (a, b) = (1, 1). The modular integral with measure dµ = τ −2 2 dτ 1 dτ 2 is to be performed over the SL(2; Z) fundamental domain F , and we invoke the modular-invariant regularisation prescription of [60, 70, 71] to treat the infrared divergences ascribed to the massless string states. Henceforth, we shall not explicitly display the R.N. symbol in front of modular integrals, but we shall tacitly assume that all integrals be regularised according to [60, 70, 71] .
When computing the difference of thresholds ∆ αβ = ∆ α − ∆ β , the τ −1
2 contact term cancels out, and in generic orbifold compactifications without continuous Wilson lines, they take the schematic form
where the sum runs over the various sectors of the orbifold.
is an holomorphic function of the modulus τ encoding the helicity super-trace over the left-moving sector,
is an anti-holomorphic function encoding the Q 2 αβ = Q 2 α − Q 2 β graded trace over the right-moving sector, while Γ h g (G, B) denotes a generic Narain lattice partition function associated to shifted tori with metric G and B-field backgrounds.
As anticipated, in the present work we shall confine our attention to the moduli dependence of ∆ αβ , since constant contributions are ambiguous and depend on the infra-red renormalisation scheme. In supersymmetric compactifications, the only moduli dependence of gauge thresholds originates from those sectors preserving N = 2 supersymmetry 1 , which correspond to a K3 × T 2 orbifold. These sectors have the remarkable property that their holomorphic contribution L h g drops to a constant, as a consequence of the BPS-ness of the F µν F µν coupling. Technically, this property is the result of a cancellation between the helicity super-trace and the holomorphic contribution of the twisted K3 lattice, so that only the leftmoving ground state survives. As a result, for a generic T 4 /Z N realisation of the K3 surface, one has
where we allow for the possibility that the N = 4 → N = 2 breaking be spontaneous, and realised via a freely acting orbifold, whereby the Z N rotation on the T 4 is coupled to a translation along a one-cycle of the T 2 . The Narain partition function associated to the shifted lattice then reads 5) with the lattice momenta given by
The functionsΦ h g (τ) are highly constrained by modular invariance, which is the rationale behind the celebrated universality of differences of gauge thresholds [56, 58] . In fact, whenever the lattice of the T 2 factorises, i.e. when λ i = 0 = µ i , as in hard N = 4 → N = 2 breaking without Wilson lines, it was realised that
thus yielding the celebrated result in [56] . Indeed, in this case Φ is a holomorphic function invariant under the full SL(2; Z) modular group which is bound to be regular at the cusp τ = i∞. This last condition is the consequence of the fact that the untwisted bosonic vacuum |0 of the heterotic string is neutral with respect to the Kac-Moody currents while the charged twisted right-moving vacua |n are not invariant under the orbifold action. Notice that this does not necessarily imply that eachΦ h g be a constant for fixed h and g. For instance,Φ 0 1 is only invariant under the Hecke congruence subgroup Γ 0 (N), and the space of holomorphic invariant functions which are regular at the cusp τ = i∞ is much richer. In fact, one has the general decomposition
where a and b a are constants and are the only model-dependent data. The index a labels the various cusps of the fundamental domain F N of Γ 0 (N), and j a are the invariant functions attached to the cusp a. They are related to the Hauptmodul j ∞ (τ) via
The SL(2; R) matrices σ a are involutions that relate the various cusps of Γ 0 (N). Notice that only the Hauptmodul j ∞ has a simple pole q −1 , whereas all others are regular at the infra-red point. We refer the reader to [60] for more details on the structure of the fundamental domain and modular forms of Hecke congruence subgroups. In the following we shall only need the Γ 0 (2) case, which has two cusps at τ = i∞ and τ = 0, related by the Fricke involution
The Hauptmodul and its Fricke transform can be expressed in terms of the familiar elliptic functions as
The decomposition (3.8) dramatically extends the notion of universality in supersymmetric cases, when the two-dimensional lattice is shifted and couples to Φ 0 1 . In fact, it is of crucial importance for the universality of related vacua with broken supersymmetry. To appreciate this point, let us focus for simplicity on the N = 2 case which corresponds to the Z 2 realisation of K3. Upon partially unfolding F [60] , one can cast the integral (3.4) as
The first integral was evaluated in [57, 60, 72] while the the second one was evaluated in [60, 73] and, for a momentum shift along the first cycle of T 2 , read
Similar expressions can be obtained also for the other orbifold realisations of K3. While the first contribution is regular in the bulk of the (T, U) moduli space, the second one displays a logarithmic singularity when T/2 = U, plus all their Γ 0 (2) U images. Therefore, a nonvanishing b 0 coefficient is associated to the presence of extra massless states at these special points. The lesson to be learnt from this discussion, is that the presence of extra charged massless states, whether they be hypermultiplets or vector multiplets, significantly modifies the standard notion of universality of ∆ αβ and extends it with the contribution in eq. (3.13).
As we shall see momentarily, this very same universal behaviour of supersymmetric gauge thresholds also holds in heterotic models with spontaneously broken supersymmetry [55] , provided one considers thresholds for groups of rank larger than one, and certain specific conditions are satisfied by the supersymmetry-breaking generators. To this end, we focus on heterotic vacua on T 6 /Ω S × Ω SB , where Ω S is a supersymmetric orbifold, while Ω SB has a free action, and is responsible for the spontaneous breaking of supersymmetry. We restrict our analysis to classically stable vacua. Although, it might be difficult to construct non-supersymmetric vacua without tachyonic excitations at any point of the full moduli space [7, 8] , one can always find regions which are tachyon-free. We shall confine our analysis to these regions, barring questions about quantum stability. Only in the absence of tachyons, can the one-loop perturbative expansion be trusted. In this cases, eq. (3.2) still computes the radiative corrections to gauge couplings, and the difference of thresholds is again given by (3.3).
The main difference with the supersymmetric case, is that now the F µν F µν coupling is no longer BPS protected, and receives contributions from the whole tower of string states. This implies that there are sectors where the helicity supertrace no longer cancels against the contribution of the twisted lattice, and therefore the L[ h g ]'s are no longer constants for all h and g. As a result, aside from lattice contributions, the integrand in (3.3) is not holomorphic any more, and modular invariance fails to constrain it uniquely 2 . Universality is recovered whenever the Φ[ h g ] reduces to a holomorphic or anti-holomorphic function. In this case modular invariance fixes the τ dependence of the (lattice independent) integrand up to few model dependent coefficients.
To be concrete, let us give a closer look at the conditions required for universality. We denote by g S and g SB generic elements of the orbifold groups Ω S and Ω SB . Clearly, L[
] is constant due to the effective supersymmetry present in this orbit, and therefore yields only universal contributions to the thresholds. However, in supersymmetry-breaking orbits L[
] is no longer a constant and thus universality is lost unless Φ[
] is. In this case, modular invariance leads to the decomposition of L[
] into functions invariant under some finite index subgroup of SL(2; Z), analogously to eq. (3.8), and universality is restored.
Which are the conditions required for this to occur? In other words, for which choices of Ω SB are the Φ[
] constant? In order to answer this question, let us recall that a generic orbifold element g involves a separate action on the left and on the right moving degrees of freedom, and thus is decomposable as g = γ L ⊗ γ R . In particular, γ L involves the action on the RNS sector and is the only potential source for supersymmetry breaking. Of course, γ R is not arbitrary but is correlated to γ L by modular invariance of the one-loop partition function, and typically involves an action on the gauge degrees of freedom. We shall assume that the orbifold acts left-right symmetrically on the six compact coordinates. As a result, 
in a way that leads to a consistent supersymmetric string model, then the Φ[
]'s are again decomposed as in (3.8) . Therefore, in the absence of extra charged massless states in the supersymmetric "relative" model twisted by Ω S ×Ω S , the b a coefficients vanish and one indeed recovers universality.
We can summarise the above in the Universality Theorem: Any non-supersymmetric heterotic orbifold T 6 /Ω S × Ω SB yields a universal behaviour in the difference of gauge thresholds ∆ αβ for gauge groups G α and G β , of rank larger than one, if Ω SB can be consistently replaced by a supersymmetric orbifoldΩ S with the very same action on the right-moving degrees of freedom, and provided no extra massless states charged with respect to G α × G β emerge in the bulk of the moduli space of the supersymmetric orbifold T 6 /Ω S ×Ω S .
Which are the allowed possibilities for Ω SB ? Recall that in symmetric orbifold constructions, fixing the action on the right moving sector automatically determines the action on notion of universality. However, we shall reserve the term universality to refer only to the case of holomorphic integrands.
the left movers as well. Therefore, the latter is either compatible with supersymmetry or not, and there is no possibility to find aγ L S that turns Ω SB toΩ S . This is true unless the orbifold acts trivially on the right moving T 6 coordinates. In this case, one has two choices which are compatible with γ R : γ L = 1 that clearly preservers all supersymmetries or γ L = (−1) F st , with F st the space-time fermion number, that breaks all supersymmetries. As a result, the only way to break supersymmetry in a way which may be compatible with universality is
Here γ gauge encodes the action on the Kac-Moody currents, and we have introduced an order-two shift δ along a T 2 to render the breaking of supersymmetry spontaneous. Without loss of generality, we shall assume that δ is a momentum shift along the a-cycle of the T 2 . All the other possibilities can be reached from this one by T-duality transformations. γ gauge is a Z 2 generator 3 and is constrained by the modular-invariance requirement [74] 8 The heterotic vacua H A generated by Ω SB,A = (−1) f st δ γ gauge,A , A = I , . . . , IV, are non supersymmetric and have non-Abelian gauge groups
Aside from H III , all these models exhibit tachyonic instabilities in some regions of the (T, U) moduli space. Of course, they are all connected to one another by turning on continuous Wilson lines [7, 8] but, as announced, we shall not treat them in this paper and we shall always work in regions of moduli space where the models are classically stable. The next step in the theorem consists in verifying if the associated supersymmetric vacuum T 6 /Ω S ×Ω S has or not extra charged massless states in the bulk of the (T, U) moduli space. To simplify the discussion we shall assume that Ω S corresponds to an orbifold limit of K3, Ω S = T 2 × T 4 /Z N with N = 2, 3, 4, 6 and without continuous Wilson lines. As we have already stressed on several occasions, these are the only (supersymmetric) orbifolds of interest to study the moduli dependence of the threshold corrections, and the assumption to have a hard breaking of N = 4 → N = 2 is not a limitation since, as we shall see, the T 6 /Ω S ×Ω S includes sectors with spontaneous N = 4 → N = 2 breaking as well. We refer to the generators of Ω S andΩ S,A as g S andg S,A , A = I , . . . , IV, respectively. Extra charged massless states can only emerge in the twisted sector, and actually only in theg S,A and/or g SgS,A ones, since it is well known that the charged spectrum of the heterotic string compactified on the orbifold limits of K3 does not vary in the (T, U) moduli space.
To study theg S,A twisted sector it is enough to consider theΩ S,A orbifolds, since the projection onto g S and g SgS,A invariant states will not generate extra massless states. In this case it is a simple exercise to show that only the orbifoldΩ S,II admits the enhancement of the gauge group U(1) 4 × SO(16) × E 8 → U(1) 3 × SO (18) × E 8 at the point U = −T/2 with p L = 0. The Abelian factors are associated to the internal components of the metric and of the B field with one leg along the T 2 . In fact, the relevant contributions to the partition functions associated to theΩ S,A vacua are 
Clearly, model I displays the emergence of a massless hypermultiplet charged with respect to the U(1) (or SU(2) in the case Ω S = Z 2 ) gauge group at the point U = −T/2, while the spectrum of model III remains unchanged in the (T, U) moduli space. Model IV requires special care since the result depends on the way g S andg S,IV act on the gauge degrees of freedom. If they act on the same Cartan's of the first E 8 factor, the resulting vacuum is equivalent to model I, and thus a new charged hypermultiplet is present at the U = −T/2 point. If g S andg S,IV act along different Cartan's then no extra massless states emerge in the bulk of the (T, U) moduli space. Therefore we can formulate the following
Corollary:
The non-supersymmetric heterotic orbifolds T 6 /Ω S × Ω SB that yield a universal behaviour in the difference of gauge thresholds ∆ αβ , for gauge groups G α and G β of rank greater than one, are Ω SB,I , Ω SB,III and Ω SB,IV . In these cases,
The constants a i , b i and c i are model dependent and can be computed by the knowledge of the massless spectrum only.
The kind of theta constants appearing in the threshold differences depend on the choice of shift, and in (3.21) we assume a momentum shift along the a-cycle of the T 2 . Different choices would have resulted in a modified argument of the theta constant, as dictated by the T-duality transformations relating the various shifts.
For instance, in case Ω S = Z N corresponding to an orbifold realisation of K3 with a single T 2 determining the moduli dependence of the thresholds, one finds
Here, β N =2 α is the beta function coefficient of the massless states of the N = 2 theory generated by the Ω S orbifold only, β α is the beta function coefficient of the massless states of the full non-supersymmetric vacuum, and δβ α is the contribution of the extra charged massless states that may emerge at the point p R = 0. The latter are associated to a non-vanishing coefficient of the 2 (τ) function in the decomposition of L h g . These numbers can be straightforwardly extracted from (3.2) by taking the low-energy limit, and read
where the supertrace is over massless states with left-moving helicity s and in a given representation of the gauge group G α . Had one used a different free action of the supersymmetric breaking generator, with a different choice of shift along the T 2 , this would have resulted in modified moduli dependence of the last two terms in (3.21). As we shall see, this is the case in the non-supersymmetric vacua of section 4.3.
The special case of rank one gauge groups.
Universality may be lost whenever one considers rank-one gauge groups. In fact, as discussed in section 2, the twisted vacua |n of K3 orbifolds with standard embedding are necessarily charged with respect to the U(1) or SU(2) Kac-Moody groups, while being neutral with respect to the higher rank group factors. This may have drastic consequences in the holomorphy of the threshold integrands. Of course, whenever supersymmetry is intact, these twisted vacua do not contribute to the thresholds because they are not invariant under the orbifold action and, most importantly, the left-moving sector drops out due to BPS saturation. Technically, this is a consequence of the fact that, although Φ[
] are not constants, their sum is. However, when supersymmetry is spontaneously broken, the loss of BPS property implies that all string excitations of the left-moving sector do contribute to the thresholds, and the twisted vacua |n are no longer projected away by the orbifold. As a result, the integrand in ∆ αβ , with one of the two groups being of rank one, involves non-holomorphic terms of the form
which destroy the holomorphy and, therefore, the universality structure.
Explicit constructions
After this general discussion, let us see how the universality theorem and its corollary work in practice in some explicit constructions. We shall consider various cases with different patterns of spontaneous (partial) supersymmetry breaking in four dimensions. In the following, in order to make the (partial) breaking of supersymmetry spontaneous we shall always employ an order-two momentum shift δ along the horizontal a-cycle of the T 2 , unless otherwise stated.
Vacua with N = 4 → N = 2 partial supersymmetry breaking with extra massless states.
Before we move to heterotic vacua with fully broken supersymmetry, let us first treat a case where the standard notion of universality is modified even in the presence of unbroken N = 2. For concreteness, we shall focus our attention on the T 6 /Z 2 × Z 2 orbifold, where the first factor is generated by f and acts as a K3 with standard embedding, while the second one is generated by s = (−1) F 1 δ, F 1 being the spinor number of the E 8 which is acted upon by the K3. The partition function can be written explicitly as
where
is the twisted K3 lattice. The charged massless spectrum comprises N = 2 vector multiplets in the adjoint representation of U (1) 
which, at the point U = −T/2 with p L = 0, contribute with extra charged vector and hyper multiplets to enhance the gauge group to
This enhancement is possible due to the presence of the non-trivial discrete Wilson line induced by the (−1) F 1 δ orbifold and is normally forbidden in conventional constructions with trivial Wilson lines [58] . As discussed, the presence of these extra massless states is reflected in the fact that Φ is no longer a constant and, in particular, Φ 
and displays the emergence of the expected logarithmic singularity at the point U = −T/2. This result extends the standard notion of universality to the case where extra charged massless states also contribute to threshold differences.
Vacua with N = 2 → N = 0 spontaneous supersymmetry breaking and spectral flow
The simplest prototype vacua in which non-supersymmetric universality for gauge thresholds was observed [55] involve a spontaneously broken N = 2 → N = 0. These are based on the T 2 × T 4 /Z N × Z 2 orbifolds, where the Z N is generated by f and realises the K3 surface at the singular point, while the Z 2 is generated by s and is responsible for supersymmetry breaking. It can be chosen among the three cases listed in the Corollary. From the low-energy view-point these constructions correspond to flat gaugings of N = 2 supergravity, thus realising the Scherk-Schwarz mechanism [75, 76] . This analysis is instrumental to discuss thresholds in N = 1 → N = 0 vacua. For simplicity we shall restrict our analysis to the cases Ω SB, I and Ω SB,III , since Ω SB,IV is either equivalent to model I or is a straightforward generalisation. The partition function for these models reads
where F = 0, 1 corresponds to Ω SB, I and Ω SB,III , respectively. The threshold differences have already been computed in [55] and are of the universal type given in eq. (3.21), with contributions from a single T 2 . The coefficients a, b and c can be found in [55] . Rather than repeating the analysis of [55] , we shall unveil the microscopic origin of the universality structure which reflects the presence of a hidden spectral flow in the right-moving sector of the heterotic string. It manifests itself in the form of a remarkable identity for the difference of non-Abelian group traces valid for any orbifold realisation of K3 and independently of the h and g sectors. The group traces can be conveniently written as
where we have introduced for convenience
In these expressions θ[ a b ](z) denotes the Jacobi theta functions with characteristics, and we have used the fact that they satisfy the Heat equation to simplify them. Although the proof that Φ F f h s H f g s G is a constant is rather technical, it is instructive to outline the main steps since it reveals a "hidden supersymmetry" at work in the group trace. To this end, it is convenient to shift the dummy indices c → c + k and d → d + l and perform the sum over the new c, d explicitly. This has the advantage of isolating the τ derivative, that now can be explicitly evaluated using 
(4.13)
The first term is proportional to the denominator in (4.7) while the terms inside the square brackets vanish as a consequence of the Jacobi identity (4.12). This is reminiscent of how supersymmetry works in the left-moving sector of the heterotic string to yield a Fermi-Bose degenerate spectrum and indicates the presence of a similar spectral flow in the difference of gauge traces. In a sense, this is the underlying microscopic origin of universality of gauge thresholds even in the supersymmetric case. As a result, the contribution of the right-moving sector is constant
independently of the orbifold sectors.
Vacua with
N = 4 → N = 2 → N = 1 → N = 0
spontaneous supersymmetry breaking
Models with the N = 4 → N = 2 → N = 1 spontaneous breaking of supersymmetry have already been studied in [14] and can be obtained from the E 8 × E 8 heterotic string via the action of the Z 2 × Z 2 orbifold containing the elements g :
Here, z i denotes the complex coordinate on the i th two-torus in the T 6 = T 2 × T 2 × T 2 decomposition. The presence of the shifts makes the partial breaking of supersymmetry spontaneous and, because of the simultaneous action of rotations and shifts, not all blocks in the one-loop partition function will be present. As a result, the disconnected modular orbit of this Z 2 × Z 2 orbifold is actually absent.
To break supersymmetry completely, we employ a further Z 2 which is generated by s = (−1) F st +F 1 +F 2 δ 3 . Now δ 3 acts as a momentum shift along the three b-cycles of the T 2 's simultaneously. A similar construction could have been obtained by using instead the generator s = (−1) F st δ 3 . Although this would lead to a different massless spectrum, the analytic structure of the threshold differences will not be affected, and therefore we shall not discuss it explicitly. The partition function can be conveniently decomposed as 16) where the sum over a runs over the seven non-trivial elements of the Z 2 × Z 2 × Z 2 orbifold. The massless spectrum originates entirely from the untwisted sector, and includes the graviton, the antisymmetric Kalb-Ramond field and the dilaton as well as gauge bosons in the adjoint of SO (10 Notice, that for fixed a = s, the Z a describe non-trivial sectors of a vacuum with N = 4 → N = 2 spontaneously broken supersymmetry, without extra massless states in the bulk of the (T, U) moduli space. Moreover, Z s is the only sector which is not supersymmetric but it treats the two E 8 's symmetrically so that it does not contribute to threshold differences. As a result, for the SO(16) and SO (10) 
The numerical coefficients in front of the logarithms are given by the difference of the β functions for the two high-rank gauge groups of the N = 2 vacua Z a , and the overall 1 4 factor corresponds to the ratio of the orders of the Z 2 × Z 2 × Z 2 and Z 2 orbifold groups. 
A chiral vacuum with N = 1 → N = 0 spontaneous supersymmetry breaking
We conclude the list of models with a four-dimensional chiral model with N = 1 → N = 0 spontaneously broken supersymmetry. It is again based on a T 6 /Z 2 × Z 2 × Z 2 orbifold, but now the supersymmetric Z 2 × Z 2 action is not freely acting and is generated by g :
(4.18)
As usual, f = gh denotes the remaining non-trivial element of the orbifold group. The spontaneous breaking N = 1 → N = 0 is realised by the third Z 2 factor generated by (−1) F st +F 1 +F 2 δ, with δ the usual momentum shift along the a-cycle of the first T 2 , the one which is not rotated by g. In this case, the structure of the orbifold is richer and involves various independent modular orbits as depicted in figure 4.2. In particular, the green orbit is responsible for the emergence of chirality in the supersymmetric N = 1 (and thus N = 0) vacuum. The non-supersymmetric massless spectrum from the untwisted sector includes the graviton, the Kalb-Ramond field, the dilaton, gauge bosons in the adjoint representation of SO(16) × SO(10), one complex scalar in the representation 4 (1, 1) + 2(1, 10) and Weyl fermions in the representation 4 (1, 16) + 4(1, 16 ) + (128, 1) . The h and f twisted sectors have residual N = 1 supersymmetry and their massless excitations comprise one complex scalar and chiral fermions in the representation 8 (16, 1) + 8(10, 1) + 16(1, 1) . The g-twisted sector has broken supersymmetry and contributes with sixteen massless complex scalars in the representation (10, 1) + 2(1, 1) together with sixteen chiral fermions in the representation (16, 1) . The remaining twisted sectors only contribute massive excitations.
Turning to the threshold differences for the SO(16) and SO(10) gauge groups, notice that the green and magenta orbits do not depend on the moduli of the six-torus and thus only yield a constant contribution to the thresholds, that we will not discuss. The red orbit is exactly equivalent to the red orbit in figure 2.2 and thus yields the same contribution to the threshold differences. The blue boxes involve seven independent orbits. Five correspond to standard T 2 × K3 compactifications, those associated to the g, h, f , sh and s f orbifold elements. The orbit generated by s does not contribute to the threshold difference since it treats the two E 8 's symmetrically. Finally, the orbit generated by sg corresponds to a spontaneously broken N = 2 → N = 0 model and thus its contribution to the thresholds is as in the previous subsections. Altogether, one gets 19) where c 1 = 36, c 2 = c 3 = 24. Again the numerical coefficients are related to the difference of β functions as explained in previous sections.
Comments on non-universal thresholds for low-rank gauge groups
As anticipated, the threshold differences involving rank-one gauge groups are more complicated, even in vacua that meet the conditions of the universality theorem. In fact, the twisted vacuum |n in now charged with respect to this low-rank gauge groups and, unlike the supersymmetric cases, it is no longer projected away by the orbifold. This implies that the Φ[
] are not constants and therefore the threshold integrands are plagued by nonholomorphic contributions. Still, the latter are exponentially suppressed with the volume T 2 and the notion of universality does survive in the large volume limit.
As an example, let us discuss the threshold differences for the SO(16) and SU(2) groups in the T 6 /Z 2 × Z 2 model of [55] , reviewed in section 4.2. An explicit calculation yields
The integrals in the first line can be computed straightforwardly using [60, 73] and yield the universal contributions to the threshold differences, while the non-holomorphic integral J(T, U) in the second line evaluates to
where K ν (z) is the modified Bessel function of second kind, Li 1 (z) = − log(1 − z), and the coefficients c[
are the Fourier coefficients of the functions obtained from ϕ(τ,τ) by an S and TS transformation, respectively. This expression is valid in the Weyl chamber T 2 > U 2 , while a similar one can be obtained in the region T 2 < U 2 .
Notice that the arguments of K 1 and Li 1 are never vanishing due to the presence of the ϕ(τ,τ) . Therefore, the non universal contribution J(T, U) to the threshold differences is exponentially suppressed in the volume, and universality is actually asymptotically restored in the large T 2 limit even for rank-one gauge groups.
Examples without universality
As discussed, in cases where Ω SB does not meet the conditions of the universality theorem, the threshold integrands are no longer (anti-)holomorphic, and modular invariance is not sufficient to uniquely fix their form in a model independent way. However, one encounters different kinds of breaking of universality. In those cases when Ω SB can be replaced by a supersymmetry preserving orbifoldΩ S but the latter is not protected against the emergence of extra charged massless states, a weak notion of universality is still present. In fact, in orbifold compactifications T 6 /Ω S × Ω SB , one schematically finds
Ξ αβ is non-universal contribution which depends on the T 6 moduli but not on the choice of Ω S . The term J αβ (T, U) is model dependent but it is exponentially suppressed in the large volume limit. As a result, this class of models is characterised by conjugacy classes of universal behaviour depending on the choice of Ω SB . This is the case, for instance, for Ω SB,II . Different is the situation when the supersymmetry breaking orbifold does not admit a supersymmetric completion. In this case there is no notion of universality, and the threshold differences are typically model dependent. As an example, let us consider the orbifold Ω SB generated by the element g which reflects the complex coordinate of only one T 2 and has a similar action on the gauge degrees of freedom. Clearly, g does not preserve any Killing spinor and is an order-four element when acting on the fermions. To render the breaking of supersymmetry spontaneous, we combine the action of g with an order-four momentum shift along one of the remaining compact directions. The partition function of the model reads
where now it is the (4,4) lattice which is shifted, 4) and λ i = (1, 0, 0, 0) for a momentum shift along the first direction, while Γ 2,2 h g is twisted,
The massless spectrum is conveniently given in terms of representations of the little group SO(6) in eight dimensions, and comprises the graviton, Kalb-Ramond and dilaton fields, together with gauge bosons in the adjoint of the SO(14) × SO (16) (14) gauge groups can be computed using eq. (3.2), and can be conveniently decomposed into Γ 0 (4) and Γ 0 (2) orbits
with
where 8) and F 4 is the fundamental domain of the Hecke congruence subgroup Γ 0 (4). Notice that the integrands are explicitly non-holomorphic and, due to the explicit powers of τ 2 in the modular integrals, the functions ξ(τ) and ω(τ) carry now a non-trivial modular weight. This implies that the notion of universality of eq. (3.8) is lost and is not restored even in the large-volume limit. Indeed, standard analysis of the integrals shows that they exhibit the scaling behaviour
. . . 2 }. One thus gets different masses for the gravitini, and the lightest ones are summarised in table 7.1. A close inspection of the pattern in table 7.1 shows that one can have at most three independent scales. This is consistent with the fact that the original field theoretical Scherk-Schwarz mechanism [75, 76] only involves three independent gravitino masses, while the CremmerScherk-Schwarz mechanism [77] with four scales is non perturbative from the string theory viewpoint.
As expected, one recovers supersymmetry at the boundary of moduli space. However, one can only get the following patterns: N = 0 → N = 4 if we take, for instance, T 2 → ∞. It is thus impossible to recover minimal N = 1 supersymmetry in four dimensions. This is natural because the recovery of supersymmetry always implies the decompactification of some internal directions. As a result, the minimal number of supercharges that one can obtain depends on the number of the resulting noncompact directions, which is necessarily larger than four. This fact raises the natural question whether the Stringy Scherk-Schwarz mechanism does indeed correspond to a spontaneous breaking of supersymmetry or not. This is a well-known issue that necessitates a deeper investigation, which we do not attempt to perform here.
Before concluding, we note that in [78] a different way to determine the scale of supersymmetry breaking/restoration was proposed. It is based on the sector-by-sector analysis of threshold contributions and on their decoupling in the boundary of moduli space.
Conclusions
Supersymmetry breaking in String Theory is a very rich subject. Although in general the absence of supersymmetry results in total loss of control over the quantum corrections to the low-energy couplings, there exist cases which unexpectedly inherit much of the structure of their supersymmetric parents. As we have shown, this is the case for one-loop threshold differences in heterotic vacua where supersymmetry breaking is induced by a stringy ScherkSchwarz mechanism. We have formulated the exact conditions for this to occur and shown explicitly how the very same universal structure of supersymmetric thresholds may persist also in non supersymmetric vacua. This behaviour is a consequence of a hidden symmetry acting on the right-moving (bosonic) sector of the heterotic string, and we have presented in section 4.2 clear evidence of its presence in the form of a generalised Jacobi identity. This extends the class of MSDS identities [21, 23, 79] and, as in those cases, is suggestive of the presence of a spectral flow acting on the right-moving sector.
Let us note that this is not the first example of non-supersymmetric couplings inheriting some of the non-renormalisation or stability properties of corresponding supersymmetric ones. For instance, it is known in supergravity [80] that some four-dimensional FreundRubin compactifications of eleven-dimensional supergravity admit stable non-supersymmetric solutions which may imply that some anomalous dimensions of the holographic (non-supersymmetric) dual field theory living on anti-M2-branes are still protected [81] . Another example is provided by extremal non-BPS black holes that, despite being nonsupersymmetric, can still be constructed as solutions of first-order differential equations, and give rise to a notion of effective superpotential replacing the standard rôle of central charges [82] .
The fact that quantum corrections in non-supersymmetric theories may still share similarities with their supersymmetric parents, at least in some sectors, is remarkable and demands further investigation.
